Abstract-Global delay independent stability is analyzed for nonlinear time-delay systems applying homogeneity theory. The results of [1] are extended to the case of non-zero degree of homogeneity. Several tools for stability analysis in time-delay systems using homogeneity are presented: in particular, it is shown that if a time-delay system is homogeneous with nonzero degree and it is globally asymptotically stable for some delay, then this property is preserved for any delay value, which is known as the independent of delay (IOD) stability. The results are illustrated by numerical experiments.
I. INTRODUCTION
The theory of homogeneous dynamical systems has been well developed for continuous time-invariant differential equations [2] , [3] , [4] , [5] . The main feature of a homogeneous nonlinear system is that its local behavior of trajectories is the same as global (local attractiveness implies global asymptotic stability, for example). In addition, the homogeneous stable/unstable systems admit homogeneous Lyapunov functions [5] , [6] , [7] . Since the subclass of nonlinear systems with a global symmetry is rather narrow, the concept of local homogeneity has been introduced [5] , [8] , [7] . Then, a local homogeneous approximation of nonlinear system can be computed representing locally the original system behavior. The advantage in this case is that the approximating dynamics is globally homogeneous and the equation complexity is decreased.
The dynamical systems subjected by a time-delay, whose models are presented by functional differential equations, find their applications in many areas of science and technology [9] , [10] . Analysis of delay influence on the system stability is critical for many natural and human-developed systems [11] , [12] , [13] . Despite of variety of applications, most of them deal with linear time-delay models, which is originated by complexity of stability analysis for time-delay systems in general (design of a Lyapunov-Krasovskii functional or a Lyapunov-Razumikhin function is a complex problem), and that constructive and computationally tractable conditions exist for linear systems only [14] .
An attempt to apply the homogeneity theory for nonlinear functional differential equations in order to simplify their stability analysis has been performed in [15] , [1] . In those works an extension of the homogeneity theory for time-delay systems has been proposed. Applications of the conventional homogeneity framework for analysis of time-delay systems (considering delay as a kind of perturbation, for instance) have been carried out even earlier in [16] , [17] , [18] , [19] .
The outline of this work is as follows. The preliminary definitions and the homogeneity for time-delay systems are given in Section 2. The property of scaling of solutions for some class of homogeneous time-delay systems is presented in Section 3 (the case of non-zero degree of homogeneity is treated comparing with [1] ). An example is considered in Section 4.
II. PRELIMINARIES
Consider an autonomous functional differential equation of retarded type [13] :
where x ∈ R n and x t ∈ C [−τ,0] is the state function, . It is known from the theory of functional differential equations [13] that under the above assumptions the system (1) has a unique solution x(t, x 0 ) satisfying the initial condition x 0 and x t,x0 (s) = x(t + s, x 0 ) for −τ ≤ s ≤ 0, which is defined on some finite time interval [−τ, T ) (we will use the notation x(t) to reference x(t, x 0 ) if the origin of x 0 is clear from the context).
The upper right-hand Dini derivative of a locally Lipschitz continuous functional V : C [−τ,0] → R + along the system (1) solutions is defined as follows for any φ ∈ C [−τ,0] :
where φ h ∈ C [−τ,0] for 0 < h < τ is given by
For a locally Lipschitz continuous function V : R n → R + the upper directional Dini derivative is defined as follows:
A continuous function σ : R + → R + belongs to class K if it is strictly increasing and σ (0) = 0; it belongs to class K ∞ if it is also radially unbounded. A continuous function β : R + × R + → R + belongs to class KL if β(·, r) ∈ K and β(r, ·) is a strictly decreasing to zero for any fixed r ∈ R + . The symbol 1, m is used to denote a sequence of integers 1, ..., m.
A. Stability definitions
Let Ω be an open subset of C [−τ,0] .
Definition 1.
[20] The system (1) is said to be (a) stable if there is σ ∈ K such that for any
(b) asymptotically stable if it is stable and lim t→+∞ |x(t, x 0 )| = 0 for any x 0 ∈ Ω.
If
, then the corresponding properties are called global stability/asymptotic stability.
B. Homogeneity
For any r i > 0, i = 1, n and λ > 0, define the dilation matrix
and the vector of weights r = [r 1 , ..., r n ] T . For any r i > 0, i = 1, n and x ∈ R n the homogeneous norm can be defined as follows
For all x ∈ R n , its Euclidean norm |x| is related with the homogeneous one:
for some σ r ,σ r ∈ K ∞ . The homogeneous norm has an important property that is |Λ r (λ)x| r = λ|x| r for all x ∈ R n . Define S r = {x ∈ R n : |x| r = 1}. For any r i > 0, i = 1, n and φ ∈ C [a,b] , 0 ≤ a < b ≤ +∞ the homogeneous norm can be defined as follows
There exist two functions ρ r ,ρ r ∈ K ∞ such that for all φ ∈ C [a,b] ρ r (||φ|| r ) ≤ ||φ|| ≤ρ r (||φ|| r ).
The homogeneous norm in the Banach space has the same important property that is ||Λ r (λ)φ|| r = λ||φ|| r for all φ ∈ C [a,b] , the corresponding unit sphere
holds for some d ∈ R and all λ > 0.
holds for some d ≥ − min 1≤i≤n r i and all λ > 0.
In both cases, the constant d is called the degree of homogeneity.
The introduced notion of homogeneity in C [−τ,0] is reduced to the standard one in R n [6] under a vector argument substitution. An advantage of homogeneous systems described by nonlinear ordinary differential equations is that any of its solutions can be obtained from another solution under the dilation rescaling and a suitable time reparametrization. A similar property holds for some functional homogeneous systems.
n be a solution of the r-homogeneous system (1) with the degree d = 0 for an initial condition
is also a solution of (1) with the initial condition y 0 = Λ r (λ)x 0 .
The Razumikhin approach for stability analysis of timedelay systems is based on Lyapunov-Razumikhin functions [11] , [12] , [13] defined on R n , which give a pointwise sufficient criteria for stability (not a functional one). This approach has been developed using homogeneous arguments as follows. 
(ii) there exists a function γ ∈ K such that λs < γ (λs) ≤ λγ(s) for all s, λ ∈ R + \ {0}. Then the origin is globally asymptotically stable for the system (1).
The condition (i) imposed in Theorem 1 on the system (1) behavior is the conventional Razumikhin condition (except that in the homogeneous case it can be verified on the sphere S r only). The constraint (ii) on existence of the function γ is new.
C. Local homogeneity
A disadvantage of the global homogeneity introduced so far is that such systems possess the same behavior "globally" [15] , [1] .
is satisfied (uniformly on S r for λ 0 ∈ {0, +∞}) for some
For a given λ 0 , g 0 and f 0 are called approximating functions.
For any 0 < λ 0 < +∞ the following formulas give an example of r-homogeneous approximating functions g 0 and f 0 :
This property allows us to analyze local stability/instability of the system (1) on the basis of a simplified system
called the local approximating dynamics for (1).
Theorem 2.
[15] Let the system (1) be (r,λ 0 ,f 0 )-homogeneous for some r i > 0, i = 1, n, the function f 0 be continuous and r-homogeneous with the degree d 0 . Suppose there exists a locally Lipschitz continuous r-homogeneous Lyapunov-Razumikhin function V 0 : R n → R + with the degree ν 0 > max{0, −d 0 },
for all x ∈ R n and some α 1 , α 2 ∈ K ∞ such that: (i) there exist functions α, γ ∈ K such that for all ϕ ∈ S r
(ii) there exists a function γ ∈ K such that λs < γ (λs) ≤ λγ(s) for all s, λ ∈ R + \ {0}. Then (the functionsρ r and ρ r have been defined in (2)) 1) if λ 0 = 0, then there exists 0 <λ ε such that the system (1) is locally asymptotically stable at the origin with the domain of attraction containing the set
2) if λ 0 = +∞, then there exists 0 < λ ε < +∞ such that the system (1) is globally asymptotically stable with respect to forward invariant set
3) if 0 < λ 0 < +∞, then there exist 0 < λ ε ≤ λ 0 ≤ λ ε < +∞ such that the system (1) is asymptotically stable with respect to the forward invariant set X ∞ with region of attraction
provided that the set X is connected and nonempty.
In [1] analysis of the input-to-state stability property for the system (1) has been presented using the homogeneity theory.
III. MAIN RESULTS
Proposition 1 establishes that all solutions of homogeneous time-delay systems of degree zero are interrelated, thus the local behavior implies global one, as for example in the following stable nonlinear systeṁ
where x(t) ∈ R, τ > 0 is a fixed time delay [1] . Some more complicated relations can also be established for the case when the degree is not zero.
Proposition 2. Let x(t, x 0 ) be a solution of the rhomogeneous system (1) with the degree d for an initial condition x 0 ∈ C [−τ,0] , τ ∈ (0, +∞). For any λ > 0 the functional differential equation
and y(t) is a solution of (4).
In order to better explain this result consider a particular case of the system (1) with the pointwise delay:
for any x, z ∈ R n and λ ∈ (0, +∞). Select a solution x(t, x 0 ) of this system for the initial condition x 0 ∈ C [−τ,0] for some τ > 0 as before (i.e.ẋ(t,
Take some λ ∈ (0, +∞) and define
, then consider y(t, y 0 ) = Λ r (λ)x(λ d t, x 0 ), taking its derivative with respect to time we obtain
Therefore, y(t, y 0 ) is the system solution with initial conditions y 0 for another delay λ −d τ . For the case d = 0 we recover the result of Proposition 1. In [1] , using that result it has been shown for d = 0 that local asymptotic stability implies global one (for the ordinary differential equations even more stronger conclusion can be obtained: local attractiveness implies global asymptotic stability [2] ). In the present setting that result has the following correspondence. Lemma 1. Let the system (1) be r-homogeneous with degree d = 0 and globally asymptotically stable for some delay 0 < τ 0 < +∞, then it is globally asymptotically stable for any delay 0 < τ < +∞ (i.e. IOD).
Proof. In this case for all x 0 ∈ C [−τ0,0] there is a function σ ∈ K such that |x(t, x 0 )| r ≤ σ(||x 0 || r ) for all t ≥ 0 and lim t→+∞ |x(t, x 0 )| r = 0. Take some τ ∈ (0, +∞) and select an initial condition y 0 ∈ C [−τ,0] , then for λ = τ0 τ
, and y(t, y 0 ) = Λ r (λ)x(λ d t, x 0 ) for all t ≥ 0 by Proposition 2. Thus lim t→+∞ |y(t, y 0 )| r = λ lim t→+∞ |x(λ d t, x 0 )| r = λ lim t→+∞ |x(t, x 0 )| r = 0 and the solution y(t, y 0 ) is converging asymptotically to the origin. In addition, |y(t, y 0 )| r = λ|x(λ d t, x 0 )| r ≤ λσ(||x 0 || r ) = λσ(λ −1 ||y 0 || r ) for all t ≥ 0, which implies stability of the system (1) for the delay τ . The proven convergence to the origin and stability give the global asymptotic stability of the system for an arbitrary delay τ ∈ (0, +∞).
It is well known fact for linear systems (homogeneous systems of degree d = 0) that its stability for a sufficiently small delay does not imply stability for all τ ∈ (0, +∞). For nonlinear homogeneous systems with degree d = 0 this is not the case, according to the result of Lemma 1 if they are globally stable for some delay, they can preserve their stability for an arbitrary delay τ ∈ (0, +∞). This is a surprising advantage of "nonlinear" time-delay systems.
Further let us consider several useful consequences of Proposition 2 and Lemma 1. Corollary 1. Let the system (1) be r-homogeneous with degree d and asymptotically stable into the set Ω = B τ ρ = {φ ∈ C [−τ,0] : ||φ|| r ≤ ρ} for some 0 < ρ < +∞ for any value of delay 0 ≤ τ < +∞, then it is globally asymptotically stable IOD.
The proofs of all the rest results are omitted due to space limitations.
Corollary 2. Let the system (1) be r-homogeneous with degree d < 0 and asymptotically stable into the set B τ ρ for some 0 < ρ < +∞ for any value of delay 0 ≤ τ ≤ τ 0 with 0 < τ 0 < +∞, then it is globally asymptotically stable IOD.
Corollary 3. Let the system (1) be r-homogeneous with degree d > 0 and the set B τ ρ for some 0 < ρ < +∞ be uniformly globally asymptotically stable for any value of delay 0 ≤ τ ≤ τ 0 , 0 < τ 0 < +∞ 1 , then (1) is globally asymptotically stable (at the origin) IOD.
In addition, due to ISS property well inherited by homogeneous systems (see [21] , [1] for details), under mild conditions its stability for τ = 0 implies the same property for sufficiently small delay. Similar results, connecting ISS and stability of the systems with respect to time delays, have been established in [22] , [23] .
(1) and the system (1) be r-homogeneous with degree d > 0 and globally asymptotically stable for τ = 0, then for any ρ > 0 there is 0 < τ 0 < +∞ such that (1) is locally asymptotically stable in B Using Theorem 2, these results can be used for local analysis of stability for not necessary homogeneous systems.
Theorem 3. Let system (1) be (r,+∞,f 0 )-homogeneous with degree d 0 > 0 and for the approximating system (3) the set B τ ρ for some 0 < ρ < +∞ be globally asymptotically stable for any value of delay 0 ≤ τ ≤ τ 0 with 0 < τ 0 < +∞, then (1) has bounded trajectories IOD.
Roughly speaking the result of Theorem 3 says that if the approximating dynamics (3) has bounded trajectories for some sufficiently small delays, then the original system (1) has bounded trajectories for any delay.
The results presented in this section open the door for a wealthy stability analysis of nonlinear time-delay systems. Let us consider an example for these results. 1 In this case for any 0 ≤ τ ≤ τ 0 , any ε > 0 and κ ≥ 0 there is 0 ≤ T ε κ,τ < +∞ such that ||xt,x 0 ||r ≤ ρ + ε for all t ≥ T ε κ,τ for any x 0 ∈ B τ κ , and |x(t, x 0 )|r ≤ στ (||x 0 ||r) for all t ≥ 0 for some function στ ∈ K∞ for all x 0 ∈ B τ ρ . 
IV. EXAMPLE
In [3] , for a chain of integratorṡ
where x = (ξ 1 , . . . , ξ n ) T ∈ R n is the state and u ∈ R is the control, the following stabilizing controller has been proposed:
where k i form a Hurwitz polynomial and α i ∈ R + . If the powers α i are selected in a way providing homogeneity of the closed-loop system and if all of them are smaller and sufficiently close to 1, then the system is finite-time stable [3] . For the case n = 2, α 1 = α 2−α , α 2 = α and an arbitrary value of α ∈ (0, 1) a solution has been given in [24] . Let us assume that the state is available for measurements with delays τ i ∈ (0, τ max ), 0 < τ max < +∞:
then applying the result of Lemma 2 to the closed-loop system we obtain that it is locally asymptotically stable in C 1 [−2τmax,0] for some 0 < τ max < +∞ if α i > 1 are sufficiently close to 1. Indeed, in this case the homogeneity degree is positive (Corollary 2 cannot be applied) and we can use the same technique as in [3] to prove global asymptotic stability of the delay-free control (for the case n = 2 the Lyapunov function V (x) = k1 α1+1 |ξ 1 | α1+1 + 1 2 ξ 2 2 can be used). The results of computer simulation of this system for two different values of delays (for n = 2, k 1 = 1, k 2 = 2, α 1 = 1.5, α 2 = 1.2) is shown in Fig. 1 . As we can conclude, increasing the value of delay the system becomes more oscillatory and finally unstable for a sufficiently big value of τ max .
V. CONCLUSIONS
The homogeneity theory extensions are obtained for timedelay systems. It is shown that for any degree of homogeneity the solutions of a homogeneous system are interrelated subject to the delay rescaling. Next, this fact is utilized in order to show that local uniform asymptotic stability of homogeneous systems implies global one, and that for nonlinear homogeneous systems with non-zero degree global asymptotic stability for a delay endorses this property for an arbitrary large delay. Thus analysis of stability in nonlinear time-delay systems differs significantly from the linear case, but in a positive sense: being stable for a delay such systems save this property for any delay value, which is an interesting advantage of nonlinear time-delay systems. Efficiency of the proposed approach is demonstrated on example. Application of the developed results for analysis and design of control or estimation algorithms is a direction of future research.
